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The problem of the diffraction of a plane longitudinal wave by a 
penny-shaped crack has been solved using the techniques of Hankel trans-
forms [1]. The interaction of elastic waves with a Griffith crack has 
been investigated for a range of values of the wave frequency [2]. More 
recently, approximate formulas have been derived for the problem of dif-
fraction of elastic waves by two coplanar Griffith cracks in an infinite 
elastic medium [3]. 
The scattering of a plane longitudinal wave at a pair of coplanar 
central cracks in an elastic solid is investigated in the present work. 
The wave is harmonic in time, impinging normally on the crack surfaces, 
which are assumed to remain separated dur ing small deformations of the 
solid. The interaction between the cracks affects not only the scattering 
of the wave, but also the severity of the cracks. 
The diffraction problem forms a three-part mixed boundary problem and 
is solved by the method of Fourier transform. The singular integral equa-
tion involved in the problem is solved using the techniques of the finite 
Hilbert transform. The results are simplified through the process of contour 
integrations. 
The stress intensity factors at the inner and outer crack tips are 
obtained in exact expressions. The parameter functions involved in the 
expressions are solved by an iteration process. The maximum values of the 
stress intensity factors are investigated in terms of the frequency factor, 
the ratio of the crack separation distance to the crack length and the value 
of Poisson's ratio. The motion of the crack surfaces is also investigated 
as a function of the wave frequency, the material constants, and the distance 
between the cracks. 
FORMAL SOLUTION 
A two-dimensional infinite elastic solid is assumed to conta in a pair 
of central cracks situated along the x-axis. The cracks are located syrn-
metrically with respect to the vertical y-axis. A plane harmonic wave is 
moving in the positive direction of the y-axis and impinges normally on 
the crack surfaces. The scattered wave field generated by the cracks must 
satisfy the equations of motion for a homogeneous, isotropic solid. 
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The boundary conditions for the scattered wave field at y = O can be 
written as [1,4] 
a = O, aH x 
xy (1) 
= 
iwt in LZ a -Po e yy (Z) 
{ '(x), in LZ 
v = 
O, in LI and L3 
(3) 
where the interval LZ is a ~ x ~ b; L, O < x < a; L3 ; b < x < 00. The 
distances a and b, respectively, locaEe the inner and outer tips of the 
cracks. The unknown-crack-shape function $(x) is to be determined later. 
The quantities A and Bare determined after Eqs. (9) and (Il) have been 
satisfied. In terms of the results for A and B, the normal stress at 
y = O can be written as 
a IM = _~ ~oo cos(sx)s ~c ds yy 
+~I cos(sx)sQ(s,w)~ ds c (4) 
Q = + 1, M = \J/(1 - v) • (5 ) 
The omission of the time factor exp(iwt) is understood in the above 
expressions and in the later analyses; cI and Cz are, respective1y, the 
dilatational and shear wave speeds. To satisfy the conditions in Eqs. (Z) 
and (3), the cosine transform of $(x) is written as 
_ 1 b Z 
.t. = - 1 het )sin(ts)dt • 
"'c s 
a 
(6) 
In terms of the parameter function h(tZ), the integration over s in the 
second term on the right-hand side of Eq. (4) can be simplified by using 
the techniques of contour integration [1,5,6]. The results after integra-
tion are written in the following form: 
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/ Q(s,w)cos(sx)sin(st)ds 
O 
= (-;)2(1 _ ")k {lj/k (2ţ;2 - l)Z t t t L V / cos(xk2s)sin(tk2s)ds 
2 O 2ţ(1/k2 _ ţ2)1 2 
where k = cl /c2. Both operator L and Lo operate over the variable ~. 
In terms of Eqs. (4), (6), and (7), the boundary condition in 
Eq. (2) leads to a singular integral equation in L2 as follows: 
(7) 
(8) 
The techniques of the finite Hilbert transform [7] are applied to Eq. (8) 
to convert it into the following integral equation: 
(9) 
b 
Il = J A[(b2 - 11.2)(11.2 - a2)(1/2coS(k2~A)dA (10) 
a 
(11) 
The boundary conditions in Eq. (3) require h(t2) to satisfy the follow-
ing equation: 
b J h(t2)dt = O. (12) 
a 
This condition determines the value of CI in Eq. (9). For later con-
venience in determining the stress intensity factors at the crack tips, 
the integral equation is also written as 
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_ (~) 2 b 2 [1 I o(t,t) L f h(I') )sin(I')k2~)dl') 
a 
+ (b' 
t 2 
- t')'" ] / Il (k2~) • (13) 
The value of C2 is also determined by satisfying the condition in Eq. (9). 
STRESS INTENSITY FACTOR 
The stresses are singular at both the inner and outer crack tips. 
The intensity of the singularity depends upon the wave frequency and the 
distance between the cracks. The normal stress on the crack plane can be 
calculatid from Eq. (4) in terms of Eqs. (6), (7), and the parameter func-
tion h(t). The function is to be solved from Eqs. (9), (12), and (13). 
The integral equation (9) is solved using the method of successive 
approximations. The first two terms on the right-hand side of Eq. (9) 
are considered as the first order solution, subject to the condition of 
Eq. (12). The results can be written as 
(14) 
2 2 Y1 = a /b - E(6)/K(6) (15) 
where K(6) and E(6) are, respectively, the complete ellipiic2iYTigrals of 
the first and the second kind with the modulus 6 = (1 - a /b) . 
If the first approximation is substituted into Eq. (6) the second 
approximation becomes 
2 2 TT./2 2 TT./2 
= 2 do ~ (1 - a Ib )Lo f cos \jJ sin(k~~) ~ f cos(k~~)de 
o 11 o 
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(16) 
(17) 
(18) 
(19) 
b ~/2 __ ~ n/2 
= 2d - L J sin(kl']ţ) f cos (k;\ţ)d8 
o c o 
o 1'] o 
= d ~ L 
o c o 
n/2 
Io(t,ţ) f sin(k~ţ)d~/~ 
o 
b 
b eo1 = f Tol (t,k2)dt; 
a 
b 
b e02 = f T02 (t,k2)dt • 
a 
(20) 
The frequency factor is k = wc/c2 , where the crack length is c = b - a. 
The process of approximation can be continued to any higher-order 
solution. The n-th order solution can be written as 
{1fM 2 (t2 _ a2 )1/2 . V2 po hn(t ) = b2 _ t2 (1 - 1 En- 1) 
+ b2 Yn [(b2 t 2)(t2 - a2)]-1/2 - i Gn_1(t,k2) • (21) 
The function G (t,k2) has no effects on the stress intensity factors and 
is presented iR-the next section in conjunction with the crack surface 
displacement. In the process of approximation, there are recurrent func-
tions for n > 1 as follows 
b 
b Gn1 (ţ) = f T (n-1)1 (t,k2 )sin(k2ţt)dt 
a 
b 
b Gn2 (ţ) = f T(n_1)2(t,k2 )sin(k2ţt)dt 
a 
= d L G 2(ţ)I (t,ţ) 
o o n o 
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n/2 
dn1 = 2 d L Gn1 (~) f cos(k~~)de o o 
o 
n/2 
dn2 = 2 d L Gn2(~) J cos(k~Ode o o 
o 
b 
b en1 = d L G 1 (~) f I (t,~)dt o o n o 
a 
I (t,~)dt . 
o 
(22) 
The nondimensional functions in Eq. (21) can now be written in the follow-
ing forms: 
1:: = 
n 
n-1 L (-i)j[(1 
j=O 
'1 ='1(1-
n 1 
- i 
+ '1 e l/K(o) 
n-j-1 j2 
(23) 
n-2 
" (-i)j+1[(1 - i 1:: 2 .)e· l L. n- -J J 
j=O 
(24) 
The value of 1:: vanishes if the subscript n is equal to or less than zero. 
n 
If the solution h (t2) is substituted into Eq. (4), the normal stress 
on the crack plane fornx > b can be determined in terms of Eqs. (6) and 
(7). The singular part of the normal stress for x > b is obtained in 
closed forms as follows: 
M . (x2 
- a = (1 - ~I:: P yylsingular n-1) 2 
o x 
(25) 
The stress intensity factor Kb at the outer crack tip x = b is calculated 
and normalized in the following form: 
~ 2 1/2
1 
(2) 
- - [ ] (1 - il:: ) 1 - ba2 + 'In 1 KI - (1 _ a/b)(l _ a2/b2) n-1 
(26) 
where the ass~7~ated, stress intensity factor for a single crack is 
Kr = po(nc/2) . 
The stress intensity factor K at the inner crack tip x = a is deter-
mined using the second form of solfttion in Eq. (13). The solution has the 
fol1owing form: 
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o 
b ( 2) nl2 2 -- -d 1 - :2 Lo Io(t,~~ sin ljJsin(kll~)dljJ/Il o c 
o 
n-1 . 
~ (-i)J [(1 - i E; • l)d;l - 'II .d. 2] L.. n-J- J n-J J j=O 
I I n-2 '+1 I I 
'1 = '1 (1 - ie 1) + " (-i)J [1 - ie 2 .)e· l n 1 n- j~O n- - J J 
(27) 
(28) 
(29) 
The "primed" quantities on the right-hand sides of Eq. (29) are obtained 
from Eq. (22) by placing primes on all the quantities whose second sub-
scripts are one. The exact expression for the singular part of the normal 
stress for x < a is obtained as follows: 
(30) 
The normalized, stress intensity factor has the following form: 
K 
[ 2 r2 (1 - a2)+'i I ' a - ie I ) (31) = 22(1 KI (1 - a/b)(l - a Ib )a/b n-1 b2 n 
The normalized, stress intensity factors at both the inner and outer crack 
tips are functions of the frequency factor k, the distance ratio alb, and 
Poisson's ratio. The recurrent expressions are systematic and convenient 
for numerical calculations to any higher-order approximations. 
Numerical calculations were carried out for V = 0.3 and for various 
values of k and ale. The approximation process converges rapidly; very 
accurate results are obtained for n = 5, which is the highest order approxi-
mation for alI the results presented. The normalized, stress intensity 
factors at the inner and outer crack tips are shown, respectively, in 
Figs. 1 and 2. It can be seen from the curves that the wave frequency and 
the crack separation distance have much larger effects at the inner crack 
tip than at the outer tip. The higher values at the inner tip indicate 
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Fig. 1. Normalized stress intensity factor at the inner crack tip. 
1.4r------------------~ 
1.3 
1.1 1-----
1.0~----~~----~----~~--~~L---~ 0.0 0.5 
Fig. 2. Normalized stress intensity factor at the outer crack tip. 
that the crack growth tends to start from the inner tip, which is consist-
ent with a recent finding on the fracture of specimens containing double 
cracks under static loading [8]. 
The maximum values of the stress intensity factors depend upon the 
value of the frequency factor and the ratio of the crack separation distance 
to the crack length (see Figs. 1 and 2). The maximum value occurs at a 
higher frequency for a smaller value of a/c. If the crack separation 
distance decreases, the maximum value of the stress intensity factor 
increases. For a/c = 0.125, the maximum K has 60% increase over the 
associated, single-crack stress intensity factor KI . 
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Crack Surface Displacement 
The normal displacement of the crack surface is calculated from 
Eqs. (3) and (6) for x in L2 as follows: 
o x 
(32) 
Substituting Eq. (21) yields, after some calculations, the following crack 
shape function: 
+ '1 F(o,$) -
n x 
n-2 
i L (-i)j (1 
j=O 
- i 
b 
cn- 2- j ) ~ Tj1 (t,k2)dt 
x 
(33) 
(34) 
The functions F(o,$ ) and E(o,$ ) are, respectively, the elliptic integrals 
of the first and th~ second kină of the amplitude $ and the modulus o. 
The last two summation terms represent the integrat!on of the function 
Gn_1 (t,k2) in Eq. (21). 
The crack shape function is calculated for various values of k and 
a/c. For a/c = 0.125, the calculated crack shape normalized by the dis-
placement at the center of the associat~d static crack surface $M is shown 
in Fig. 3 for four ~ifferent values of k. The crack surface reaches its 
maximum opening at k = 2. The surface of the crack is not symmetrical; 
the crack opening is larger near the inner tip than the outer tip. 
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Normalized crack shape for ~ = 0.125. 
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liig. 4. Normalized crack center displacement. 
The normalized value of the magnitude of the surface displacement at 
the crack center is shown in Fig. 4. The normalized displacement is a 
function of the frequency factor and the ratio a/c. For a/c = 0.125, the 
maximum crack opening occurs at k = 2 and is 25% larger than the associated 
maximum static displacement. The frequency at which the maximum crack 
opening occurs increases with decreasing value of a/c. The magnitude of 
the maximum crack surface displacement also increases if the value of the 
ratio between the crack separation distance and the crack length decreases. 
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